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PREPROJECTIVE ALGEBRAS OF TREE-TYPE QUIVERS
VAN C. NGUYEN, GORDANA TODOROV, AND SHIJIE ZHU
Abstract. Let Q be a tree-type quiver, kQ its path algebra, and λ a nonzero element
in the field k. We construct irreducible morphisms in the Auslander-Reiten quiver of
the transjective component of the bounded derived category of kQ that satisfy what we
call the λ-relations. When λ = 1, the relations are known as mesh relations. When
λ = −1, they are known as commutativity relations. Using this technique together
with the results given by Baer-Geigle-Lenzing, Crawley-Boevey, Ringel, and others, we
show that for any tree-type quiver, several descriptions of its preprojective algebra are
equivalent.
1. Introduction
Let k be a field. All considered algebras are over k and all modules are left modules.
For a k-algebra A, denote by A-mod the category of all finitely presented A-modules.
Let Q = (Q0, Q1) be a finite quiver, where Q0 is the set of vertices and Q1 is the set
of arrows. Let kQ be the path algebra of Q with coefficient field k. We use the following
convention to compose paths: suppose p is a path from a to b and q is a path from c to
d, then qp is a path from a to d given by concatenation if b = c, and qp = 0 if b 6= c. Let
ea ∈ kQ be the trivial path at vertex a.
The preprojective algebra of Q is widely studied in many fields in mathematics. Gelfand
and Ponomarev in [9] were originally interested in constructing an algebra A with the
following property (*): A contains kQ as a subalgebra and when considered as a left
kQ-module, A decomposes as a direct sum of the indecomposable “preprojective” kQ-
modules, one from each isomorphism class. Hence, the name “preprojective algebra”
naturally comes from this property. However, it was emphasized by Ringel [15] that for a
fixed quiver Q, there may be several isomorphism classes of algebras A with property (*).
There are several definitions of the preprojective algebra of a given quiver Q in various
contexts: it is defined as the quotient Π of the path algebra of the double quiver Q modulo
the relation
∑
α∈Q1
(α∗α − αα∗) (c.f. Definition 4.1.1); it is also defined by Baer-Geigle-
Lenzing as the orbit algebra Σ′ :=
⊕
i≥0HomkQ(kQ, τ
−ikQ), where τ− = TrD (c.f. Def-
inition 4.1.2). Dually one can consider the algebra Σ :=
⊕
i≥0HomDb(kQ)(τ
ikQ,kQ)
(c.f. Definition 4.1.9). Furthermore, it is proved by Baer-Geigle-Lenzing in [4, Proposition
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3.1] that the preprojective algebra Σ′ is isomorphic to the Ext-tensor algebra kQ〈Ω〉 of a
kQ-bimodule Ω := Ext1
kQ(D(kQ),kQ) (c.f. Definition 4.1.4).
Using Morita equivalence and forgetful functors to k-mod, Ringel [15, Theorem A]
proved that if Q is an acyclic quiver (i.e. Q has no oriented cycles), then the preprojective
algebra Π of Q is isomorphic to the Ext-tensor algebra kQ〈Ω〉. On the other hand, using a
different approach related to the deformed preprojective algebras introduced by Crawley-
Boevey and Holland in [6], Crawley-Boevey gave another proof for Π ≃ kQ〈Ω〉 in [5,
Theorems 2.3 and 3.1].
In this paper, for any tree-type quiver Q (i.e. the underlying graph of Q is a tree), we
construct explicit algebra isomorphisms between Π and Σ in Theorem 4.2.1, between Π and
Σ′ in Theorem 4.2.2, and between Σ and Σ′ in Corollary 4.2.3. Our results together with
[4, Proposition 3.1] can be combined to give a description of the isomorphism Π ≃ kQ〈Ω〉
whose existence was already proved independently by Ringel and Crawley-Boevey. As a
consequence, we show that these definitions of the preprojective algebra of a tree-type
quiver Q are equivalent.
Results. Let Q be a tree-type quiver. The followings are isomorphic as algebras:
Σ′ =
⊕
i≥0HomkQ(kQ, τ
−ikQ)
≃, [4]
//
OO
≃, Cor.4.2.3 δ

kQ〈Ω〉
≃, [5, 15]

Σ =
⊕
i≥0HomDb(kQ)(τ
ikQ,kQ) oo
≃, Thm.4.2.1
η
// Π = kQ/(
∑
α∈Q1
(α∗α− αα∗)).
Our paper is organized as follows. In Section 2, we recall some background material on
the Auslander-Reiten theory and the mesh category.
In Section 3, we examine how one could fill irreducible morphisms in the Auslander-
Reiten quiver of the transjective component of the bounded derived category of kQ such
that those morphisms satisfy certain relations. In 3.1, for a tree-type quiver Q and a
nonzero λ ∈ k, we construct irreducible morphisms satisfying the so-called λ-relations.
When λ = −1, these relations are known as the commutativity relations. This plays an
important role in defining the isomorphism in main Theorem 4.2.1. Nonetheless, we also
point out that this technique does not work for some non-tree quivers in 3.2.
In Section 4, we focus on various descriptions of the preprojective algebras of Q. In 4.1,
we give details of such descriptions, in particular, the definitions of the algebras Π,Σ′,Σ,
and kQ〈Ω〉. In 4.2, for any tree-type quiver Q, we construct explicit algebra isomorphisms
η : Σ→ Π and δ : Σ→ Σ′ to complete the above diagram.
As mentioned above, Gelfand and Ponomarev [9] gave a construction of preprojective
algebras of quivers Q using the relation
∑
α∈Q1
(α∗α−αα∗). Dlab and Ringel [7] extended
this construction to preprojective algebras of modulated graphs. On the other hand, it is
interesting to note that one can also define an algebra using the relation
∑
α∈Q1
(α∗α+αα∗).
In general, as pointed out by Gabriel in [8], this algebra may not be isomorphic to the
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algebra Π defined by quiver and relations as above. However, in the case when Q is a tree-
type quiver, they are isomorphic, [15, §6]. Preprojective algebras with relations defined
with plus signs, their deformations and relation to Lusztig algebras, were studied in [13]
mostly from a geometric point of view. For the results of this paper, preprojective algebras
with relations given by minus signs are more relevant.
Acknowledgement: The authors thank Bill Crawley-Boevey for insightful discussions
and for pointing out some relevant results on preprojective algebras.
2. Preliminaries
2.1. Almost split sequences. As we are working over both the module category kQ-mod
and the bounded derived category Db(kQ), whenever we refer to “almost split sequence,”
it means almost split sequence in the context of abelian category and almost split triangle
in the context of triangulated category.
Due to Auslander and Reiten, we have the following description of almost split sequences
starting from an indecomposable projective non-injective module of a hereditary algebra.
Proposition 2.1.1. [3, Proposition 2.4] Let H be a hereditary algebra and P be an in-
decomposable projective noninjective H-module. Denote P ∗ = HomH(P,H) which is an
Hop-module and radP the radical of P . Then we have an almost split sequence
0 // P // (radP ∗)∗ ⊕ τ− radP // τ−P // 0 ,
where τ− = TrD is the inverse of the Auslander-Reiten translation, and the morphism
(radP ∗)∗ −→ τ−P/ Im(τ− radP → τ−P )
is a projective cover.
Suppose Q = (Q0, Q1) is an acyclic quiver and Pj = kQej is the indecomposable
projective kQ module corresponding to the vertex j. Then radPj ≃
⊕
(j→i)∈Q1
Pi and
(radP ∗j )
∗ ≃
⊕
(k→j)∈Q1
Pk. Hence using Proposition 2.1.1, we have the following description
of almost split sequences in kQ-mod.
Lemma 2.1.2. In kQ-mod, the almost split sequence starting from any indecomposable
projective module Pj is:
0 // Pj //
⊕
(k→j)∈Q1
Pk ⊕
⊕
(j→i)∈Q1
τ−Pi // τ
−Pj // 0.
The almost split sequence starting from any indecomposable preprojective module τ−nPj,
for n ≥ 0, is:
0 // τ−nPj //
⊕
(k→j)∈Q1
τ−nPk ⊕
⊕
(j→i)∈Q1
τ−(n+1)Pi // τ
−(n+1)Pj // 0.
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Closely related to almost split sequences are irreducible morphisms, which are by
definition, noninvertible morphisms which have no proper factorization. Since a morphism
f : X → Y (with either X or Y indecomposable) is irreducible if and only if it can be
completed into a left or right minimal almost split morphism [2, Theorem 2.4], we can
describe the irreducible morphisms in the preprojective component of kQ-mod as:
Lemma 2.1.3. Let Q = (Q0, Q1) be an acyclic quiver. Let X and Y be indecomposable
preprojective modules over the path algebra kQ. Let f : X → Y be a non-zero morphism.
Then f is an irreducible morphism if and only if one of the following holds:
(1) X ≃ τ−nPi, Y ≃ τ
−nPj , n ≥ 0 and there is an arrow j → i in Q.
(2) X ≃ τ−nPi, Y ≃ τ
−(n+1)Pj , n ≥ 0 and there is and arrow i→ j in Q.
2.2. Auslander-Reiten quiver and standard components. We recall here some prop-
erties of the mesh category and of the Auslander-Reiten quiver (AR-quiver) for any Hom-
finite Krull-Schmidt additive k-category C; for more details see for example [1, 11, 12, 14].
Auslander-Reiten quiver was originally introduced by Bautista, Riedtmann and Ringel. As
we work in both categories kQ-mod and Db(kQ), we will need the generalized notions of
almost split sequences (also called Auslander-Reiten sequences) and the Auslander-Reiten
quiver in a Krull-Schmidt category, as introduced by Liu in [11]. This unifies the notion of
an almost split sequence in an abelian category and that of an Auslander-Reiten triangle
in a triangulated category.
Definition 2.2.1. Given a quiver Q, its path category is an additive category, whose
objects are finite direct sums of indecomposable objects. The indecomposable objects are
the vertices of Q, and given two indecomposable objects a and b, the set of morphisms from
a to b is the k-vector space whose basis is the set of all paths from a to b.
Let Γ = (Γ0,Γ1) be a locally finite quiver, that is, for every vertex in Γ, the number
of arrows going in and out of that vertex is finite. A translation quiver Γ = (Γ0,Γ1, t)
is a locally finite quiver (Γ0,Γ1) together with an injective map t : Γ
′
0 → Γ0 defined on a
subset Γ′0 ⊆ Γ0 such that for any z ∈ Γ
′
0 and any y ∈ Γ0 the number of arrows from y to
z is the same as the number of arrows from t(z) to y. The vertices in Γ0 \ Γ
′
0 are called
projective. Given a translation quiver Γ = (Γ0,Γ1, t), let Γ
′
1 := {α : a→ b | b ∈ Γ
′
0} ⊆ Γ1.
A polarization of Γ is an injective map σ : Γ′1 → Γ1, such that σ(α) : t(b) → a. In the
path category of (Γ0,Γ1), define the mesh ideal as the ideal generated by elements
mz =
∑
(α: x→z)
ασ(α).
Definition 2.2.2. The mesh category Mesh(Γ, σ) of a translation quiver Γ with a po-
larization σ is defined as the path category of Γ modulo the mesh ideal.
Let k be an arbitrary field and C be a Hom-finite, Krull-Schmidt additive k-category.
For each indecomposable object X in C, we define kX := End(X)/ rad(X,X) to be the
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automorphism field of X. For indecomposable objects X and Y , we define Irr(X,Y ) :=
rad(X,Y )/ rad2(X,Y ), which is generally referred to as the bimodule of irreducible mor-
phisms from X to Y . Let d′XY := dimkX Irr(X,Y ) and dXY := dimkY Irr(X,Y ).
We recall here the general definition of the Auslander-Reiten quiver. However, for this
paper, we will only consider the non-valued quiver (trivial valuation).
Definition 2.2.3. The Auslander-Reiten quiver ΓC of C is defined to be a valued quiver
with vertex set being a complete set of the representatives of the isomorphism classes of
indecomposable objects in C. For vertices X and Y , we draw a unique valued arrow X → Y
with valuation (dXY , d
′
XY ) if and only if dXY > 0.
It is proved by Liu [11, Proposition 2.1] that ΓC is a valued translation quiver with the
translation given by: τZ = X if and only if C has an almost split sequence X → Y → Z.
When the valuation of the translation quiver is symmetric, that is dXY = d
′
XY , ΓC is
modified in such a way that each symmetrically valued arrow is replaced by dXY unvalued
arrows from X to Y . Therefore, in general, when the valuation of the translation quiver
is symmetric, we can define the mesh category as in Definition 2.2.2. For a Hom-finite,
Krull-Schmidt additive k-category C, if we assume its Auslander-Reiten quiver ΓC has a
symmetric valuation, we can define the mesh category of ΓC .
In the case C = kQ-mod, where Q is a tree, we have d′XY = dXY = 1 for all indecom-
posable modules X and Y . So the valuation is trivial and ΓC is a non-valued quiver, also
called simply laced.
Remark 2.2.4. In case quiver Γ does not have multiple arrows, there is a unique polar-
ization σ. In this case, we can denote the mesh category Mesh(Γ, σ) briefly as Mesh(Γ).
An example of such a quiver is the AR-quiver Γ of kQ-mod, when Q is a tree-type quiver.
In this case, the AR-quiver Γ of kQ-mod is a translation quiver with translation t being
the Auslander-Reiten translation τ and Mesh(Γ) is the corresponding mesh category.
Recall that in our definition of the AR-quiver ΓC , for a Hom-finite, Krull-Schmidt
additive k-category C, the vertices of ΓC are representatives of isomorphism classes of
indecomposable objects of C. So the indecomposable objects of the path category of
ΓC are representatives of isomorphism classes of indecomposable objects in C. We are
interested in the case when the mesh category Mesh(ΓC) is equivalent to a subcategory
of C consisting of objects in Mesh(ΓC). We will see in Theorem 2.2.6 below that it holds
for the subcategory of preprojective and preinjective modules of kQ-mod for a strongly
locally finite quiver Q. Recall that a quiver Q is strongly locally finite if it is locally
finite and interval finite (the number of paths between any two given vertices is finite). In
particular, any finite quiver is strongly locally finite. We will also see in Theorem 2.3.2
that the same result also holds for the transjective component of the bounded derived
category Db(kQ).
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Definition 2.2.5. Let ΓC be the AR-quiver for a Hom-finite, Krull-Schmidt additive k-
category C. Let Γ′ be a convex subquiver of ΓC, that is, every path from a vertex in Γ
′ to a
vertex in Γ′ lies in Γ′. Let CΓ′ be the full subcategory of C consisting of objects in the path
category of Γ′. We say that Γ′ is standard provided that every indecomposable object X in
Γ′ has automorphism field kX ∼= k, and there exists a k-equivalence F : Mesh(Γ
′) → CΓ′,
which acts as the identity on objects, that is F (X) = X, for all objects X in Mesh(Γ′).
Theorem 2.2.6. [12, Theorems 2.2] Let Q be a connected quiver which is strongly locally
finite. Then the preprojective and preinjective components of Γrep+(Q) are standard.
From this theorem, we know that in the preprojective component there is a set of
irreducible morphisms satisfying the mesh relations. If a morphism f can be written as a
sum of compositions of irreducible morphisms from that set, then f = 0 if and only if the
sum of compositions of irreducible morphisms is generated by the mesh relations. Finally,
this will be used to show the well-definedness of our homomorphism between two algebras
Σ and Π in the main Theorem 4.2.1.
2.3. Derived category and Auslander-Reiten triangles. Auslander-Reiten theory
was generalized to the derived category of the path algebra by Happel [10].
Definition 2.3.1. Suppose H is a hereditary algebra. The transjective component
T of the bounded derived category Db(H) is the full subcategory containing preprojective
modules and (−1)-shifted preinjective modules.
The Auslander-Reiten triangles in Db(H) are described by Happel [10, §5.4]. Recall
that there are two kinds of Auslander-Reiten triangles in Db(H):
(1) If Z is an indecomposable non-projective H-module, then there is an almost split
sequence in H-mod:
0 // X
u // Y
v // Z // 0.
Let w be the element in Ext1H(Z,X) = HomDb(H)(Z,X[1]) corresponding to this almost
split sequence. Then the following are Auslander-Reiten triangles:
X[i]
u[i]
// Y [i]
v[i]
// Z[i]
w[i]
// X[i+ 1], for all i ∈ Z .
(2) For an indecomposable projective H-module P , let I = νP be the indecomposable
injective module corresponding to P under the Nakayama functor ν, that is, I is the
injective envelope of P/ radP . Then there are Auslander-Reiten triangles:
I[i] // (I/soc I)[i]⊕ (radP )[i+ 1] // P [i+ 1] // I[i+ 1], for all i ∈ Z .
The following is needed for our technique of filling irreducible morphisms in Section 3.1.
Theorem 2.3.2. [12, Theorems 2.3] Let Q be a connected quiver which is strongly locally
finite. Then the transjective component of ΓDb(rep+(Q)) is standard.
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3. Irreducible morphisms in the AR-quiver
3.1. The filling technique. In this section, let Q be a tree-type quiver. We will show the
technique of constructing a set of irreducible morphisms in the Auslander-Reiten quiver of
the transjective component T of Db(kQ) such that they satisfy the so-called λ-relations,
which will later be used to prove our main Theorem 4.2.1. In particular, we answer the
following problem.
Problem: Let Q = (Q0, Q1) be a tree-type quiver. Let {fij : Pi → Pj | (j → i) ∈ Q1}
be a set of irreducible morphisms. Let λ ∈ k×. Is there a set of morphisms {g
(λ)
ij }, where
g
(λ)
ij : τPj → Pi, such that for each vertex j ∈ Q0, they satisfy the following λ-relations?∑
(k→j)∈Q1
g
(λ)
jk τfjk + λ
∑
(j→i)∈Q1
fijg
(λ)
ij = 0(1)
That is, for each j, we have λ-commutative squares:
τPj
⊕
(k→j)∈Q1
τPk
⊕
(j→i)∈Q1
Pi
Pj .(λ)
(τfjk)
(g
(λ)
ij
)
(g
(λ)
jk
)
(fij)
Remark 3.1.1. (a) When λ = 1, the (1)-relations are known as the mesh relations:∑
(k→j)∈Q1
g
(1)
jk τfjk +
∑
(j→i)∈Q1
fijg
(1)
ij = 0.(2)
Later in this section, we will explain a functorial correspondence between these relations
and the mesh ideal in Definition 2.2.2. Hence, we refer to these as “mesh relations”.
(b)When λ = −1, the (−1)-relations are known as the commutativity relations:∑
(k→j)∈Q1
g
(−1)
jk τfjk −
∑
(j→i)∈Q1
fijg
(−1)
ij = 0.(3)
(c) The motivation of λ-relations comes from [15, §6], where the author considers the
algebra Πλ := kQ/
∑
α∈Q1
(α∗α− λαα∗).
Our solution: (see Theorem 3.1.7) Our strategy of constructing such morphisms {g
(λ)
ij }
is divided into two steps.
Step 1. Let {fij : Pi → Pj | (j → i) ∈ Q1} be the given set of irreducible morphisms. By
the existence theorem of almost split sequences, starting from a source point of Q, we can
successively find irreducible morphisms uij : τPi → τPj and vij : τPj → Pi, such that for
each j ∈ Q0, they satisfy the mesh relations (via a similar correspondence with the mesh
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ideal, as in Remark 3.1.1 (a)):∑
(k→j)∈Q1
vjkujk +
∑
(j→i)∈Q1
fijvij = 0,(4)
that is, we have 1-commutative squares:
τPj
⊕
(k→j)∈Q1
τPk
⊕
(j→i)∈Q1
Pi
Pj .(λ = 1)
(ujk)
(vij)
(vjk)
(fij)
Step 2. Given a fixed choice of the set of irreducible morphisms {uij , vij} as in Step 1, we
construct {g
(λ)
ij } by scalar modification of {vij}. We will describe this construction below,
and provide a detailed illustration in Example 3.1.12.
Notice that the morphisms uij are not uniquely determined when we complete the
almost split sequences. On one hand, uij are irreducible morphisms from τPi to τPj ; on
the other hand, since τ is a functor on T , we know that τfij are also irreducible morphisms
from τPi to τPj . In general, not all uij can be chosen to be precisely τfij , however:
Lemma 3.1.2. For each arrow (j → i), there exists a cij ∈ k
× such that cijτfij = uij .
Proof. It is clear that τfij and uij belong to Irr(τPi, τPj). Since Q does not have multiple
arrows, dimk Irr(τPi, τPj) = 1. Hence for some cij ∈ k
×, cijτfij = uij . 
Observe that the coefficients cij are associated with the arrows (j → i) in the quiver.
We will use these coefficients cij , obtained in Lemma 3.1.2, to later define a function ϕλ
from a set of walks to k×, which we will use in the scalar modification process to construct
irreducible morphisms {g
(λ)
ij }.
In a quiver, a reverse arrow of an arrow α is formally denoted by α−1. It reverses the
starting and ending vertex of α. A walk w in the quiver is a finite sequence wnwn−1 · · ·w1,
where wi = α
± is either an arrow or reverse arrow, and wi+1 6= w
−1
i for all i. Denote W
to be the set of all walks on the quiver Q.
Lemma 3.1.3. Suppose Q is a tree-type quiver and a, b are vertices in Q. Then there is
a unique walk from a to b.
Proof. Because Q is a tree-type quiver, a walk w can only pass a vertex at most once.
Hence it is unique. 
Denote by w(a, b) the unique walk from a to b, and by |w| the length of the walk w.
We define an evaluation function on the walks as follows:
Definition 3.1.4. For a tree-type quiver Q and some λ ∈ k×, define ϕλ : W → k
× by
ϕλ(α) = λcij for an arrow (α : j → i), and extend it to all the walks by ϕλ(w2w1) =
ϕλ(w2)ϕλ(w1) if w2w1 is composable, and ϕλ(w
−1) = ϕλ(w)
−1.
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Lemma 3.1.5. Let Q be a tree type quiver and w be a walk starting at vertex j in Q.
(1) Let α be an arrow k → j and β be an arrow j → k. Then ϕλ(wα) = λcjkϕλ(w)
and ϕλ(wβ
−1) = λ−1c−1jk ϕλ(w).
(2) Function ϕ−1(w) = (−1)
|w|ϕ1(w), where |w| is the length of the walk w.
Proof. (1) follows from definition, (2) follows by induction on the length of the walks. 
The maps ϕλ will be used to modify irreducible maps vij from Step 1. in order to get
irreducible maps g
(λ)
ij in Step 2. which will satisfy λ-relations.
Lemma 3.1.6. Suppose Q is a tree-type quiver and {fij : Pi → Pj | (j → i) ∈ Q1} is a set
of irreducible morphisms. Then there exist irreducible morphisms {g
(λ)
ij }(j→i)∈Q1 satisfying
the λ-relations for each j ∈ Q0:∑
(k→j)∈Q1
g
(λ)
jk τfjk + λ
∑
(j→i)∈Q1
fijg
(λ)
ij = 0.
Proof. Label an arbitrary sink vertex by 1. Let w(j, 1) be the unique walk from any vertex
j to sink vertex 1. Let {fij : Pi → Pj | (j → i) ∈ Q1} be the given set of irreducible
morphisms. Let {uij , vij} be the irreducible morphisms in T satisfying the mesh relations
(4) ∑
(k→j)∈Q1
vjkujk +
∑
(j→i)∈Q1
fijvij = 0.
For each vertex j ∈ Q0, define g
(λ)
ij := ϕλ(w(j, 1))vij . Next, show that there is an identity:
∑
(k→j)
g
(λ)
jk τfjk + λ
∑
(j→i)
fijg
(λ)
ij = λϕλ(w(j, 1))
 ∑
(k→j)
vjkujk +
∑
(j→i)
fijvij
 .
In fact, we only need to check the mesh relation ending in Pj for each vertex j.
Since g
(λ)
ij = ϕλ(w(j, 1))vij and by Lemma 3.1.2 we have uij = cijτfij, it follows that:∑
(k→j)
g
(λ)
jk τfjk + λ
∑
(j→i)
fijg
(λ)
ij =
∑
(k→j)
ϕλ(w(k, 1))vjkc
−1
jk ujk + λ
∑
(j→i)
fijϕλ(w(j, 1))vij .
However, since there is an arrow (k → j), the walk w(k, 1) is the concatenation of the
walk w(j, 1) by the arrow (k → j). Due to Lemma 3.1.5, ϕλ(w(k, 1)) = λcjkϕλ(w(j, 1)).
Plugging into the previous equality, we have∑
(k→j)
g
(λ)
jk τfjk + λ
∑
(j→i)
fijg
(λ)
ij =
∑
(k→j)
ϕλ(w(k, 1))vjkc
−1
jk ujk + λ
∑
(j→i)
fijϕλ(w(j, 1))vij
= λ
∑
(k→j)
ϕλ(w(j, 1))vjkujk + λ
∑
(j→i)
fijϕλ(w(j, 1))vij
= λϕλ(w(j, 1))
 ∑
(k→j)
vjkujk +
∑
(j→i)
fijvij
 .
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Therefore
∑
(k→j)∈Q1
g
(λ)
jk τfjk + λ
∑
(j→i)∈Q1
fijg
(λ)
ij = 0.

Theorem 3.1.7. Suppose Q is a tree-type quiver and {fij : Pi → Pj | (j → i) ∈ Q1} is a
set of irreducible morphisms.
(1) There exist irreducible morphisms {g
(λ)
ij }(j→i)∈Q1 satisfying∑
(k→j)∈Q1
τng
(λ)
jk τ
n+1fjk + λ
∑
(j→i)∈Q1
τnfijτ
ng
(λ)
ij = 0.(5)
for each j ∈ Q0 and n ∈ Z.
(2) There exist irreducible morphisms {g
(λ)
ij }(j→i)∈Q1 such that the AR-quiver of T can
be filled with irreducible morphisms τnfij and τ
ng
(λ)
ij , satisfying the λ-relations.
Proof. Part (1), by Lemma 3.1.6, there exist irreducible morphisms {g
(λ)
ij } such that for
each j, they satisfy the λ-relations∑
(k→j)∈Q1
g
(λ)
jk τfjk + λ
∑
(j→i)∈Q1
fijg
(λ)
ij = 0.
Assign each arrow (τnPi → τ
nPj) an irreducible morphisms τ
nfij and each arrow (τ
n+1Pj →
τnPi) an irreducible morphisms τ
ng
(λ)
ij . Since τ is an equivalence functor on T , we have∑
(k→j)∈Q1
τng
(λ)
jk τ
n+1fjk + λ
∑
(j→i)∈Q1
τnfijτ
ng
(λ)
ij = 0.
Part (2) is straightforward. 
Corollary 3.1.8. (a) There exist irreducible morphisms {g
(1)
ij }(j→i)∈Q1 such that the AR-
quiver of T can be filled with irreducible morphisms τnfij and τ
ng
(1)
ij , for n ∈ Z, satisfying
the mesh relations for each j ∈ Q0,∑
(k→j)∈Q1
τng
(1)
jk τ
n+1fjk +
∑
(j→i)∈Q1
τnfijτ
ng
(1)
ij = 0.(6)
(b) There exist irreducible morphisms {g
(−1)
ij }(j→i)∈Q1 such that the AR-quiver of T can be
filled with irreducible morphisms τnfij and τ
ng
(−1)
ij , for n ∈ Z, satisfying the commutativity
relations for each j ∈ Q0,∑
(k→j)∈Q1
τng
(−1)
jk τ
n+1fjk −
∑
(j→i)∈Q1
τnfijτ
ng
(−1)
ij = 0.(7)
(c) It follows that τng
(1)
ij = (−1)
|w(j,1)|τng
(−1)
ij , where w(j, 1) is the unique walk from any
vertex j to a fixed sink vertex 1.
Proof. (a) and (b) are special cases of Theorem 3.1.7, when λ = 1 or λ = −1.
(c) g
(1)
ij = ϕ1(w(j, 1))vij = (−1)
|w(j,1)|ϕ−1(w(j, 1))vij by definition and Lemma 3.1.5. Also
by definition g
(−1)
ij = ϕ−1(w(j, 1))vij , and after applying τ
n, the statement (c) follows. 
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Definition 3.1.9. We denote the set of irreducible morphisms obtained in Corollary
3.1.8 (a) by H˜ = {τnfij , τ
ng
(1)
ij } and the set of irreducible morphisms obtained in Corollary
3.1.8 (b) by H = {τnfij, τ
ng
(−1)
ij }.
Since dimk Irr(M,N) = 1, for all indecomposable objects M,N ∈ T , we observe that
H˜ or H exhausts all the irreducible morphisms up to scalar multiplications.
Moreover, recall that T is standard by Theorem 2.3.2. By Definition 2.2.5, T is stan-
dard given the existence of a functor F between the mesh category Mesh(T ) and the full
subcategory indT of T consisting only the representatives of indecomposable objects in
T . Indeed, the set H˜ gives rise to this functor F : by the proof of [12, Theorems 1.4], if we
assign each arrow in the AR-quiver with an irreducible morphism such that they satisfy
the mesh relations, then we can define a k-equivalence functor F : Mesh(T )→ indT by
F (τnPi → τ
nPj) = τ
nfij and F (τ
n+1Pj → τ
nPi) = τ
ng
(1)
ij .
Note that by definition, the mesh ideal which defines Mesh(T ) is given by
mτnPj =
∑
(α: τnPi→τnPj)
ασ(α) +
∑
(β: τn+1Pk→τnPj)
βσ(β).
One can check that under F , the mesh ideal mτnPj corresponds to the mesh relation (6).
We now prove an important result which is used in the proof of main Theorem 4.2.1.
Lemma 3.1.10. Let Q be a tree-type quiver and T be the transjective component of
Db(kQ). Any morphism f in T can be written as a sum of compositions of irreducible
morphisms ht,i ∈ H:
f =
∑
t
atht,mt ◦ · · · ◦ ht,1.
Then f = 0 if and only if
∑
t
atht,mt ◦ · · · ◦ht,1 is generated by commutativity relations (7).
Proof. Let H˜ and H be sets of irreducible morphisms obtained simultaneously as in Corol-
lary 3.1.8 and defined in Definition 3.1.9.
Assume f can be written as a sum of compositions of irreducible morphisms
f =
∑
t
cth˜t,mt ◦ · · · ◦ h˜t,1,
where h˜t,i is in the set H˜. Then f = 0 if and only if
∑
t
cth˜t,mt ◦ · · · ◦ h˜t,1 satisfies the mesh
relations (6). That is, f =
∑
t
cth˜t,mt ◦ · · · ◦ h˜t,1 is generated by
∑
(k→j)∈Q1
τng
(1)
jk τ
n+1fjk +
∑
(j→i)∈Q1
τnfijτ
ng
(1)
ij .
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However, according to Corollary 3.1.8 (c),∑
(k→j)∈Q1
τng
(1)
jk τ
n+1fjk +
∑
(j→i)∈Q1
τnfijτ
ng
(1)
ij
=
∑
(k→j)∈Q1
(
(−1)|w(k,1)| τng
(−1)
jk τ
n+1fjk
)
+ (−1)|w(j,1)|
∑
(j→i)∈Q1
τnfijτ
ng
(−1)
ij
= (−1)|w(j,1)|+1
 ∑
(k→j)∈Q1
τng
(−1)
jk τ
n+1fjk −
∑
(j→i)∈Q1
τnfijτ
ng
(−1)
ij
 .
Hence, f = 0 if and only if f is generated by
∑
(k→j)∈Q1
τng
(−1)
jk τ
n+1fjk −
∑
(j→i)∈Q1
τnfijτ
ng
(−1)
ij ,
which are the commutativity relations (7). 
Theorem 3.1.7 is stated in a constructive way, and we will explain how to construct
the coefficients ϕ−1(w(j, 1)) step by step in Example 3.1.12. Before that, we need the
following result:
Lemma 3.1.11. Suppose we have the following exact sequence:
0 // A
(f1,f2,··· ,fn)T // B
(g1,g2,··· ,gn) // C // 0.
Then for ci, c ∈ k
× invertible, we have the following exact sequences:
(a) 0 // A
(c−11 f1,c
−1
2 f2,··· ,c
−1
n fn)
T
// B
(c1g1,c2g2,··· ,cngn) // C // 0
(b) 0 // A
(f1,f2,··· ,cfn)T // B
(cg1,cg2,··· ,cgn−1,gn) // C // 0
(c) 0 // A
(cf1,cf2,··· ,cfn)T// B
(g1,g2,··· ,gn−1,gn) // C // 0 .
Proof. Here we will just prove part (a), the other parts follow by similar argument. The
isomorphism between two complexes:
0 // A
(f1,f2,··· ,fn)T // B


c−11 0
. . .
0 c−1n



(g1,g2,··· ,gn) // C // 0
0 // A
(c−11 f1,c
−1
2 f2,··· ,c
−1
n fn)
T
// B
(c1g1,c2g2,··· ,cngn) // C // 0
induces the isomorphism between the corresponding homologies. So the upper sequence
is exact if and only if so is the lower sequence. 
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Example 3.1.12. Suppose Q is the following quiver:
1
2
5
4
3
6
7
8
Suppose we have filled the translation quiver with the irreducible morphisms {uij , vij}
which are constructed in Section 3.1. Remember that we have cijτfij = uij by Lemma 3.1.2.
P1
P2
P5
P4
P3
P6
P7
P8
f12τP1
τP2
τP5
τP4
τP3
τP6
τP7
τP8
u12
v12
We start filling irreducible morphisms from τP1. First, we have an exact sequence:
0 // τP1
u12=c12τf12 // τP2
v12 // P1 // 0 .
By Lemma 3.1.11 (a), we have an exact sequence
0 // τP1
τf12 // τP2
c12v12 // P1 // 0 .
Let g
(−1)
12 := c12v12, the bottom square involving P1 satisfies the commutativity relation.
P1
P2
P5
P4
P3
P6
P7
P8
f12τP1
τP2
τP5
τP4
τP3
τP6
τP7
τP8
τf12
g
(−1)
12
Now, since we have exact sequence by Step 1
0 // τP2
(u23,v12)T // τP3 ⊕ P1
(v23,f12) // P2 // 0
that is,
0 // τP2
(c23τf23,v12)T// τP3 ⊕ P1
(v23,f12) // P2 // 0 .
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By Lemma 3.1.11 (c), we have an exact sequence
0 // τP2
(c12c23τf23,c12v12)T // τP3 ⊕ P1
(v23,f12) // P2 // 0 .
By Lemma 3.1.11 (a), we have an exact sequence
0 // τP2
(τf23,c12v12)T // τP3 ⊕ P1
(c12c23v23,f12) // P2 // 0 ,
where c12v12 = g
(−1)
12 as we constructed before. Let g
(−1)
23 := −c12c23v23. The second
square involving P2 satisfies the commutativity relation.
P1
P2
P5
P4
P3
P6
P7
P8
f12τP1
τP2
τP5
τP4
τP3
τP6
τP7
τP8
τf23
g
(−1)
12 g
(−1)
23
Next we have an exact sequence
0 // τP3
(v43,u35,v23)T // P4 ⊕ τP5 ⊕ P2
(f43,v35,f23) // P3 // 0
that is,
0 // τP3
(v43,c35τf35,v23)T// P4 ⊕ τP5 ⊕ P2
(f43,v35,f23) // P3 // 0 .
By Lemma 3.1.11 (c), we have an exact sequence
0 // τP3
(−c12c23v43,−c12c23c35τf35,−c12c23v23)T// P4 ⊕ τP5 ⊕ P2
(f43,v35,f23) // P3 // 0 .
By Lemma 3.1.11 (a), we have an exact sequence
0 // τP3
(−c12c23v43,τf35,−c12c23v23)T // P4 ⊕ τP5 ⊕ P2
(f43,−c12c23c35v35,f23) // P3 // 0 ,
where c12c23v23 = g
(−1)
23 by our previous construction. Let g
(−1)
43 := c12c23v43, and let
g
(−1)
35 := −c35c12c23v35. The next square involving P3 satisfies the commutativity relation.
Notice that f35g
(−1)
35 = 0. So the commutativity relation at the square involving P5 is also
satisfied.
P1
P2
P5
P4
P3
P6
P7
P8
f23
f43
f35
τP1
τP2
τP5
τP4
τP3
τP6
τP7
τP8
τf35
g
(−1)
23
g
(−1)
43
g
(−1)
35
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Continue this procedure and we can fill the irreducible morphisms as desired, such that
they satisfy commutativity relations.
3.2. A non-tree-type case. As we mentioned before, for some non-tree-type quivers, we
may not be able to find irreducible morphisms {fij : Pi → Pj} and {g
(1)
ij : τPj → Pi} such
that {τnfij, τ
ng
(1)
ij } satisfy the mesh relations for all n. We illustrate an example here:
Example 3.2.1. Suppose k is an algebraically closed field with char k 6= 2. Let Q be:
3
2
1
The starting part of the Auslander-Reiten quiver is given by the following picture.
1
2
1
3
2 1
1
3 2
2 1
1
3
2 1
1
3 2
2 1
1
3
3 2 1
2 1
1
3 2
3 2 1
2 1
1
P1
P2
P3
τ−P1
P3
τ−P1
τ−P2
τ−P3
f12
f13
τ−g
(1)
12
f23
τ−g
(1)
13
τ−g
(1)
23
τ−g
(1)
13
τ−f12
τ−f23
τ−f13
For the quiver Q in this example, it is easy to see that the irreducible morphisms in
the preprojective component of kQ-mod are monomorphisms. If we choose irreducible
morphisms fij : Pi → Pj = aijǫij, where aij ∈ k
× and ǫij : Pi → Pj are the canonical
embeddings, then one can verify that τ−fij = aijτ
−ǫij and τ
−ǫij : τ
−Pi → τ
−Pj are the
canonical embeddings.
Now suppose we can find {g
(1)
ij } such that the mesh relations (6) are satisfied. Assume
τ−g
(1)
ij = bijιij , where bij ∈ k
× and ιij : Pj → τ
−Pi is the canonical embedding. Then the
mesh relation (6) is equivalent to the following system of equations:
a12b12 + a13b13 = 0
a23b23 + a12b12 = 0
a13b13 + a23b23 = 0,
which has solutions a12b12 = a23b23 = a13b13 = 0. This contradicts with the assumptions
aij ∈ k
× and bij ∈ k
×.
16 VAN C. NGUYEN, GORDANA TODOROV, AND SHIJIE ZHU
4. Preprojective algebras of tree-type quivers
In this section, we first recall different descriptions of preprojective algebras of any
acyclic quiver Q. We then construct algebra isomorphisms to show equivalences between
these descriptions when Q is a tree-type quiver.
4.1. Definitions of the preprojective algebra. The study of preprojective algebras
was started by Gelfand and Ponomarev [9] and developed by Baer-Geigle-Lenzing [4] and
Ringel [15]. There are two traditional ways of describing the preprojective algebra (see
Definitions 4.1.1 and 4.1.2), both of which are proved by Ringel [15], Crawley-Boevey [5]
and Baer-Geigle-Lenzing [4] to be equivalent to the one given in Definition 4.1.4. We will
consider one more description in Definition 4.1.9. All four descriptions will be proved
equivalent for tree-type quivers in the next section.
Definition 4.1.1. [9] Let Q = (Q0, Q1) be an acyclic quiver. Define the double quiver
Q = (Q0, Q1) as follows: Q0 = Q0 and for each arrow (α : i→ j) ∈ Q1, define a reversed
arrow (α∗ : j → i), let Q1 = {α,α
∗ | α ∈ Q1}. The preprojective algebra of Q is
Π := kQ/(ρ), defined as a quotient algebra of the path algebra kQ modulo the relation
ρ =
∑
α∈Q1
(α∗α− αα∗).
There is another definition of preprojective algebra given by Baer-Geigle-Lenzing [4]:
Definition 4.1.2. [4] The preprojective algebra of Q is Σ′ :=
⊕
i≥0
HomkQ(kQ, τ
−ikQ),
where multiplication is given by u ∗ v = (τ−tu) ◦ v, for elements u ∈ HomkQ(kQ, τ
−skQ)
and v ∈ HomkQ(kQ, τ
−tkQ).
In the same paper, Baer-Geigle-Lenzing [4, Proposition 3.1] proved that preprojective
algebra Σ′ is isomorphic to a certain tensor algebra of some bimodule, as follows:
Definition 4.1.3. Let Λ be a ring and Θ be a Λ-bimodule. Let Λ〈Θ〉 denote the corre-
sponding tensor algebra which is the direct sum
Λ〈Θ〉 =
⊕
t≥0
Θ⊗t,
where Θ⊗0 = Λ by convention. In particular, the multiplication of an element a ∈ Θ⊗s
with another element b ∈ Θ⊗t is a ⊗ b ∈ Θ⊗(s+t) = Θ⊗s ⊗ Θ⊗t if both s, t ≥ 1, and
a⊗ b = ab scalar multiplication otherwise.
Let Q be an acyclic quiver and kQ be its path algebra. Denote D(kQ) = Homk(kQ,k)
the usual k-dual. Then Ω := Ext1
kQ(D(kQ),kQ) is a bimodule over kQ. The Auslander-
Reiten translations τ = DTr and τ− = TrD on the category kQ-mod of all finite dimen-
sional kQ-modules are well-defined functors since kQ is hereditary.
Definition 4.1.4. Let Ω := Ext1
kQ(D(kQ),kQ). The Ext-tensor algebra associated to
kQ is defined to be the tensor algebra kQ〈Ω〉.
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The following lemma is well-known (e.g. [15]), we state its proof here for completeness.
Lemma 4.1.5. Let H be any hereditary algebra, then there are equivalences of functors
on H-mod:
τ ≃ DExt1H(−,H) and τ
− ≃ Ext1H(D(H),−).
Proof. Since gldimH = 1, for any module M , we have a minimal projective resolution:
0 // P1 // P0 // M // 0.
By the definition of transpose Tr, we have the following exact sequences and commu-
tative diagram:
0 // HomH(M,H) // HomH(P0,H) // HomH(P1,H) // TrM //
≃

0
0 // HomH(M,H) // HomH(P0,H) // HomH(P1,H) // Ext
1
H(M,H)
// 0.
Hence, the Auslander-Reiten translation on M is τM = DTrM ≃ DExt1H(M,H). It
is easy to check that this isomorphism is functorial and we have τ ≃ DExt1H(−,H).
Similarly, τ− ≃ Ext1H(D(H),−). 
Lemma 4.1.6. [4, §3] Suppose H is a hereditary algebra and X is an H-bimodule. Then
there is an H-bimodule isomorphism:
HomH(H,X) ⊗H HomH(H, τ
−sH) → HomH(H, τ
−sX), by sending
u⊗ v 7→ (τ−su) ◦ v.
Lemma 4.1.7. [4, §3] Let Θ = Ext1H(D(H),H). There is an H-bimodule isomorphism:
Θ⊗t ≃ HomH(H, τ
−tH).
Proof. One can easily construct an isomorphism by Lemmas 4.1.5, 4.1.6 and induction. 
Hence, from these lemmas, one can construct the following algebra isomorphism given
by Baer-Geigle-Lenzing [4, Proposition 3.1] and obtain an equivalent description of the
preprojective algebra of Q using the Ext-tensor algebra kQ〈Ω〉:
Proposition 4.1.8. [4, Proposition 3.1] Let Q be an acyclic quiver and kQ〈Ω〉 be the
Ext-tensor algebra given in Definition 4.1.4. Then there is an algebra isomorphism:
kQ〈Ω〉 ≃ Σ′.
As a consequence, we observe that kQ〈Ω〉 as an kQ-module is the direct sum of all the
indecomposable preprojective kQ-modules, each occurring with multiplicity one:
kQ〈Ω〉 ≃ Σ′ =
⊕
i≥0
HomkQ(kQ, τ
−ikQ) ≃
⊕
i≥0
τ−ikQ.
Hence, we can also call kQ〈Ω〉 the preprojective algebra.
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It is known that Π ≃ kQ〈Ω〉 as algebras, which was proved independently by Ringel [15,
Theorem A] and Crawley-Boevey [5, Theorems 2.3 and 3.1]. Thus, Π ≃ Σ′ as algebras.
This is used to describe finitely presented covariant functors over T as modules over pre-
projective algebra Π, [4, Proposition 3.6]. In order to study finitely presented contravariant
functors as modules over Π, we need to start with a similarly defined algebra:
Definition 4.1.9. Suppose H is a hereditary algebra. Let T be the transjective component
of the bounded derived category Db(H). Define algebra Σ :=
⊕
i≥0HomT (τ
iH,H). For
elements u ∈ HomT (τ
sH,H), v ∈ HomT (τ
tH,H), define multiplication as u×v = v ◦τ tu.
We will construct an explicit algebra isomorphism between the preprojective algebra
Π = kQ/(
∑
α∈Q1
(α∗α− αα∗)) and Σ =
⊕
i≥0HomT (τ
ikQ,kQ) in the next section.
4.2. The algebra isomorphisms. Let Q be a tree-type quiver, kQ be its path algebra,
T be the transjective component of the bounded derived category Db(kQ), and Π, Σ, Σ′
be algebras defined as in Section 4.1. Recall that by the filling technique from Section 3.1,
we can choose irreducible morphisms fij : Pi → Pj and g
(−1)
ij : τPj → Pi in T such that
they satisfy the commutativity relations (7) (Corollary 3.1.8). Moreover, each irreducible
morphisms in T is a scalar multiple of an element in H = {τnfij, τ
ng
(−1)
ij | n ∈ Z}.
Theorem 4.2.1. Suppose Q is a tree-type quiver. Then there is an algebra isomorphism
η : Σ =
⊕
i≥0HomT (τ
ikQ,kQ) −→ Π = kQ/(
∑
α∈Q1
(α∗α− αα∗)), sending
(fij : Pi → Pj) 7→ arrow (α : j → i), and
(g
(−1)
ij : τPj → Pi) 7→ arrow (α
∗ : i→ j),
where {fij, g
(−1)
ij } are irreducible morphisms chosen in Section 3.1 such that elements in
H = {τnfij, τ
ng
(−1)
ij | n ∈ Z} satisfy the commutativity relations.
Proof. (1) Homomorphism η: Define η(fij) = (α : j → i) and η(g
(−1)
ij ) = (α
∗ : i → j).
Then for each morphism f ∈ Σ, we can define η(f) in the following way: f can be written
as a linear sum of compositions of irreducible morphisms in H, i.e. f =
∑
t
ath
(t)
mt ◦· · · ◦h
(t)
1 ,
where at ∈ k and h
(t)
s are irreducible morphisms in H. Now assume the codomain of h
(t)
s
is τk
(t)
s P for some indecomposable projective P . Then, the composition can be written via
the multiplication of Σ given in Definition 4.1.9 as
f =
∑
t
at(τ
−k
(t)
1 h
(t)
1 )× · · · × (τ
−k
(t)
mth(t)mt),
where the last one k
(t)
mt = 0 always. Thus, define η(f) =
∑
t
atη(τ
−k
(t)
1 h
(t)
1 ) · · · η(τ
−k
(t)
mth
(t)
mt)
to be a linear sum of paths.
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(2) η is well-defined: By Lemma 3.1.10, if morphism f =
∑
t
ath
(t)
mt◦· · ·◦h
(t)
1 = 0, then f
is generated by the commutativity relations. So η(f) =
∑
t
atη(τ
−k
(t)
1 h
(t)
1 ) · · · η(τ
−k
(t)
mth
(t)
mt)
is an element in Π and generated by the commutativity relations. Consequently, η(f) = 0.
(3) Inverse of η: To show the injectivity and surjectivity of η, we directly construct
the inverse η−1 : Π→ Σ of η as follows.
For an arrow (α : j → i) ∈ Q1 define η
−1(α) = fij. For an arrow (α
∗ : i → j) ∈ Q1
define η−1(α∗) = g
(−1)
ij . For a path α1 · · ·αl, where αi ∈ Q1, define η
−1(α1 · · ·αl) =
η−1(α1) × · · · × η
−1(αl). Similarly, η
−1 is well defined by the “if part” of Lemma 3.1.10.
It is easy to check that η−1 is an inverse of η. 
We can use similar argument for the algebra Σ′ and get the following dual statement:
Theorem 4.2.2. Suppose Q is a tree-type quiver. Then there is an algebra isomorphism
η′ : Σ′ =
⊕
i≥0HomT (kQ, τ
−ikQ) −→ Π = kQ/(
∑
α∈Q1
(α∗α− αα∗)), sending
(τ−g
(−1)
ij : Pj → τ
−Pi) 7→ arrow (α : j → i), and
(fij : τPi → Pj) 7→ arrow (α
∗ : i→ j).
Combine these two isomorphisms, we have the following algebra isomorphism:
Corollary 4.2.3. Let Q be a tree-type quiver. Let Σ and Σ′ be the algebras defined as
before. Then we have the following algebra isomorphism:
δ : Σ =
⊕
i≥0
HomT (τ
ikQ,kQ) −→ Σ′ =
⊕
i≥0
HomT (kQ, τ
−ikQ), sending
(idPi) 7→ (idPi)
(fij : Pi → Pj) 7→ (τ
−g
(−1)
ij : Pj → τ
−Pi), and
(g
(−1)
ij : τPj → Pi) 7→ (fij : Pi → Pj).
So we have 4 equivalent descriptions of the preprojective algebra of a tree-type quiver Q:
Corollary 4.2.4. For a tree-type quiver Q, let kQ and T be as before. Then the followings
are isomorphic as algebras:
(1) preprojective algebra Π = kQ/
( ∑
α∈Q1
(α∗α− αα∗)
)
(2) Ext-tensor algebra kQ〈Ω〉, where Ω := Ext1
kQ(D(kQ),kQ)
(3) orbit algebra Σ′ :=
⊕
i≥0
HomkQ(kQ, τ
−ikQ)
(4) Σ :=
⊕
i≥0
HomT (τ
ikQ,kQ).
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Example 4.2.5. Let Q be a quiver of type A3: 1 2
αoo 3
β
oo . Then its preprojective
algebra Π is 1
α∗
66 2
α
vv
β∗
66 3
β
vv
, with relations αα∗ = 0, β∗β = 0, and α∗α = ββ∗.
In order to describe the algebra isomorphisms η, η′ and δ, we need to label the irreducible
morphisms in the AR-quiver of Q in the following way:
P3[−1]
&&◆◆
◆◆
◆
S2[−1]
&&◆◆
◆◆
◆
I3[−1]
g23
%%❏❏
❏❏
❏
P3
τ−g23
""❊
❊❊
❊
P2[−1]
88♣♣♣♣♣
&&◆◆
◆◆
◆
I2[−1]
τf23 88qqqqq
g12
&&▼▼
▼▼
▼
P2
f23 ;;①①①①①
τ−g12
##❋
❋❋
❋❋
I2
""❊
❊❊
❊
I1[−1]
τf12 88♣♣♣♣♣
P1
f12
99tttttt
S2
<<②②②②②
I3
Because the preprojective algebra of Q is finite dimensional, isomorphisms η : Σ → Π,
η′ : Σ′ → Π, and δ : Σ → Σ′ give corresponding bijections in the following table. These
isomorphisms send idempotents to idempotents, preserving the left projective modules.
Πe1 Πe2 Πe3
Π
e1
α∗
β∗α∗
e2
α β∗
α∗α = ββ∗
e3
β
αβ
Σ
idP1
g12
g23 × g12
idP2
f12 g23
g12 × f12 = f23 × g23
idP3
f23
f12 × f23
Σ′
idP1
f12
f23 ∗ f12
idP2
τ−g12 f23
f12 ∗ τ
−g12 = τ
−g23 ∗ f23
idP3
τ−g23
τ−g12 ∗ τ
−g23
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